In this paper we prove the existence and uniqueness of the almost periodic semiwave (traveling wave) solutions of KPP-Fisher equations with free boundaries in spatially almost periodic media.
Introduction
After the pioneer works of [11, 14] about traveling waves, and that of [2] about spreading speeds, the propagation problems of reaction-diffusion equations in unbounded domain become one important branch of parabolic equations. Specially, traveling waves and spreading speeds of KPP-Fisher type and more general reactiondiffusion equations in heterogeneous media obtained more and more attentions of mathematicians in the last few decades.
As one simplest heterogenous case, the propagation problems in (spatially) periodic media were considered by mathematicians widely. Applying the approach of probability, [12] first proved the existence of spreading speeds for one-dimensional KPP-Fisher equations in periodic media. [21, 22] gave the definition of the spatially periodic traveling waves independently, and then [13] proved the existence of the spatially periodic traveling waves of KPP-Fisher equations in the distributional sense. In the series of works (e.g. [3, 4, 5] ), Berestycki, Hamel and their colleagues investigated the traveling waves and spreading speeds of KPP-Fisher type equations in high-dimensional periodic media deeply. Besides above works, a more general framework is given by [16, 23] to study these two concepts for KPP-Fisher type equations and more general diffusion systems.
However, there are only a few works on the traveling waves and spreading speeds of KPP-Fisher equations in more complicated media. Applying the theory of generalized principal eigenvalues, [6] proved the existence of the spreading speeds of KPP-Fisher equations in almost periodic or random stationary ergodic media. It is important to note that Matano [17] gave the definition of spatially almost periodic traveling waves and provided some sufficient conditions on the existence of the spatially almost periodic traveling waves solution of reaction-diffusion equations with bistable nonlinearity. We also point out that the propagation problems of (temporally) nonautonomous reaction-diffusion equations were studied by Shen in many works(e.g. [18, 19, 20] ). However, as we know, until now, there is no work on the traveling wave solutions of KPP-Fisher equations in almost periodic media.
Very recently, Du and Lin [9] first studied the propagation problems of reactiondiffusion equations with free boundaries. Though a lot of works in this field appeared after [9] , most of them only considered the homogeneous media. The traveling waves and spreading speeds of reaction-diffusion equations with free boundaries in periodic media were only considered in [10, 24] . Once again, no work considered the propagation problems in more complicated media.
The main aim of this paper is to prove the existence and uniqueness of the semi-wave solutions of the following diffusive KPP equation with a free boundary,
where µ > 0, a(x) is a positive alomost periodic function in x ∈ R. Here, as in previous works, we use the concept "semi-wave" to replace "traveling wave" since the profile function of the wave is only defined on the half real line (−∞, 0]. We introduce some concepts and basic results which will be used in this paper. Let H(a) be the closure of {a(· + t)|t ∈ R} with the uniform topology. Given one metric space B, we say one subset {φ g |g ∈ H(a)} ⊂ B is a one-cover of H(a) in B provided the mapping F : g → v g is continuous.
We need consider not only the original equation (1.1), but also the following equation for any g ∈ H(a).
As usual, we first consider the steady states and dynamics of the respective equation on R
3) Proposition 1.1. For any g ∈ H(a), (1.3) has a unique bounded positive steady state u * g , and u * g(·+s) (x) = u * g (x + s) for any s ∈ R. Moreover, define one mapping
For any continuous initial data u 0 , if there are two positive numbers m < M such that 0 < m < u 0 (x) < M for any x ∈ R, then the solution of the Cauchy problem of (1.3) converges to u * g as t → +∞ uniformly for x ∈ R . Now we give the definition of the almost periodic semi-wave solution of (1.2):
. Let (u(x, t; g), h(t; g)) be one positive bounded entire solution of (1.2). We call (u(x, t; g), h(t; g)) one almost periodic semi-wave solution of (1.2), simply, semi-wave solution, provided u(x, t; g) satisfies the following hypotheses:
(1) There is some v = v(ξ, τ ; g) ∈ C 2 ((−∞, 0] × R) such that u(x, t; g) can be written as u(x, t; g) = v(x − h(t; g), h(t; g); g), where h(±∞; g) = ±∞.
(3) Using vḡ to denote the limit of v g(·+sn) (ξ), {v g |g ∈ H(a)} is a one-cover of H(a).
. We can also give the following equivalent definition of the almost periodic semiwave to Definition 1.1. Definition 1.2. Let {(u(x, t; g), h(t; g))|g ∈ H(a)} be one family of functions. Suppose for each g ∈ H(a) , (u(x, t; g), h(t; g)) is one positive bounded entire solution of (1.2). We call (u(x, t; g), h(t; g)) one almost periodic semi-wave solution of (1.2) provided u(x, t; g) satisfies the following hypotheses:
written as u(x, t; g) = v(x − h(t; g), h(t; g); g), where h(±∞; g) = ±∞.
[17] first gave the definition of (spatially) almost periodic solution. Roughly, in [17] one entire solution u of some reaction-diffusion equation is said to be one almost periodic traveling wave provided u(x, t) := w(x − h(t), x) and w is almost periodic in x. Such a definition is equivalent to ours since if (u(x, t; g), h(t; g)) is one semiwave solution in our definition, then we also can rewrite u(x, t) := w(x − h(t), x) for some function w(η, x) and then the profile function v in our definition satisfies v(ξ, τ ; g) = w(ξ, ξ + τ ). The almost periodic property of v in τ is equivalent to that of w in x. Now, we show the main theorem of this paper. Theorem 1.1. We have the following conclusions on the existence and uniqueness of the almost periodic semi-wave solution of (1.2):
(1) (1.2) has one semi-wave solution (ũ,h). Furthermore, (ũ,h) has the following three properties:
In this sense, we say that such a semi-wave solution connects u * and 0. More
where M can be any constant in R.
(2) The almost periodic semi-wave solution of (1.2) connecting u * g and 0 is unique up to the time translation.
(3) Let (u(x, t), h(t)) be one positive entire solution of (1.2) with u(x, t) ≤ u * g (x) for any x ∈ (−∞, h(t)], t ∈ R. If there are some ǫ, δ > 0 such that u(x, t) > ǫ for any x ∈ (−∞, h(t) − δ], t ∈ R, then u(x, t) ≡ũ(x, t + t 0 ) for some t 0 ∈ R.
Proof of the main results
Proof of Proposition 1.1. The existence and uniqueness of the positive bounded steady state of (1.3) is well-known, e.g. see [8] . The conclusion that u * g(·+s) (x) = u * g (x + s) is also easy to be checked. We consider the almost periodic property of u * g . We know that there are some s, S ∈ R with 0 < s < S such that s ≤ g(x) ≤ S, x ∈ R, g ∈ H(a). Hence, there are some s ′ , S ′ ∈ R with 0 < s ′ < s < S < S ′ such that s is a lower solution and S ′ is an upper solution. Therefore,
g n for some sequence {g n }. Then by choosing a subsequence of {u * gn }, still denoted by {u * gn }, lim
If not, there are some g n ,ḡ ∈ H(a), n = 1, 2, · · · withḡ = lim n→∞ g n , and some
g is almost periodic. Let us consider the stability now. It is easy to see that su * is a lower solution of (1.3) for any 0 < s < 1 and an upper solution of (1.3) for any s > 1. Hence, the solution u(x, t) of (1.3) with the initial data su * converges to one positive steady state as t → ∞ which is just u * . By the comparison principle, u * is globally stable.
In this paper, when we consider the initial data (u 0 , h 0 ) of equation (1.2), we always assume that h 0 ∈ R and u 0 ∈ C((−∞, h 0 ]) is bounded. We say that the initial data (u 0 , h 0 ) is positive provided u 0 > 0 for x < h 0 . In [7] , it is proved Proposition 2.1 (Theorem 2 .11, [7] ). For any g ∈ H(a) and any positive initial data (u 0 , h 0 ), the solution (u, h) of (1.2) with initial data (u 0 , h 0 ) exists for t > 0, and
. Furthermore, for any T > τ > 0 and any A ≤ h 0 , there holds
, and C is a positive constant
Let a = inf x∈R a(x). It is known that 0 < a = inf x∈R g(x), ∀g ∈ H(a) and that for any positive initial data (u 0 , h(0)), the solution (u, h) of
satisfies that h(t)/t → c as t → +∞ for some c > 0( [9] ). Then by the comparison principle (e.g. see [9] ), we have Lemma 2.1. Let (u, h) be the solution of (1.2) with the positive initial data (u 0 , h(0)).
To emphasize the coefficient g ∈ H(a), we use (u(x, t; u 0 , h 0 , g), h(t; u 0 , h 0 , g)) to denote the solution of (1.2) with the initial data (u 0 , h 0 ). Lemma 2.2. Let g ∈ H(a) and (u(x, t; u 0 , h 0 , g), h(t; u 0 , h 0 , g)) be the solution of (1.2) with the positive initial data (u 0 , h 0 ). Then lim inf t→+∞ h ′ (t; u 0 , h 0 , g) > 0.
Proof. Suppose, for the sake of contradiction, lim inf t→+∞ h ′ (t; u 0 , h 0 , g) = 0. That is, there is a sequence {t n } with t n → +∞ as n → ∞ such that h ′ (t n ; u 0 , h 0 , g) → 0. Lemma 2.1 implies that there is a positive number ǫ such that lim sup t→∞ h ′ (t; u 0 , h 0 , g) > ǫ. Then we choose another sequence {s n } such that h ′ (s n ; u 0 , h 0 , g) = ǫ, s n < t n < s n+1 , n ∈ N and h ′ (τ ;
with the initial data (v n (·, 0), 0) and this solution can be extended to t ∈ (−s n , +∞). By the priori estimates, we can find one subsequence of (v n , h n ), still denoted by (v n , h n ) such that there is some (v,h) satisfyingh(0) = h n (0) = 0, h n →h in
with Ω being any compact domain of G + = {(t, x)|x ∈ (−∞,h(t)], t ∈ R}. Moreover, we can suppose g(x + h(s n ; u 0 , h 0 , g)) →ḡ(x) uniformly on R and then (v,h) solves
with the initial data (v(·, 0), 0). Notice thath ′ (0) = −v x (0, 0) = ǫ > 0 and (v,h) is an entire solution. The strong comparison principle implies v(x, 0) > 0 for x ∈ (−∞,h(0)). If {T n = t n − s n } has a bounded converging subsequence, still denoted by {T n }, T n → T as n → ∞, then the Hopf lemma shows thath ′ (T ) > 0. On the other hand, that h ′ (t n ) → 0 as n → ∞ implies thath ′ (T ) = 0, it is a contradiction. Hence, T n = t n − s n → +∞ and thenh ′ (t) ≤ ǫ for t ∈ [0, +∞). However, let (v, h) be the solution of (2.1) with the initial data (v(·, 0), 0). Then the comparison principle of free boundary problems yields that h(t) ≤h(t) ≤ ǫt. On the other hand, the work in [9] shows that h(t)/t → c > 0 as t → +∞ for some positive number c. Choose ǫ < c, we obtain one contradiction. The proof is complete.
Let
For one given g ∈ H(a), define u h 0 ,g (x) and u h 0 ,n,g (x) by
.
as n → ∞. Let (u(t, x; g, n, h 0 ), h g,n,h 0 (t)) be the solution of (1.2) with the initial data (u h 0 ,n,g (x), h 0 ) for g ∈ H(a). Lemma 2.3. For any ǫ > 0, there are two positive numbers m < M such that m < h ′ g,n,h 0 (t) < M for any g ∈ H(a), positive integer n, h 0 ∈ R and t ∈ [ǫ, +∞).
Proof. The existence of the upper bound comes from Proposition 2.1. The proof of the existence of the lower bound is the same as Lemma 2.2.
The comparison principle implies that u(t, x; g, n, h 0 ) and h g,n,h 0 (t) are both increasing in n. Letū(t, x; g, h 0 ) = lim n→∞ u(t, x; g, n, h 0 ) andh(t; g, h 0 ) = lim n→∞ h g,n,h 0 (t), we have Lemma 2.4. (ū(t, x; g, h 0 ),h(t; g, h 0 )) solves (1.2) for t > 0. Now we use the method of pulling back to transfer the equation with a free boundary to the one with a fixed boundary. Lemma 2.5. If (u(x, t), h(t)) is one solution of (1.2) for t ∈ (t 0 , +∞), t 0 ∈ [−∞, +∞), then v(ξ, τ ) := u(ξ + τ, h −1 (τ )) is one solution of
4)
for τ > h 0 . Here h 0 = lim t→t 0 h(t). Moreover, if t 0 > −∞, and u(x, t) → u 0 (x) as t → t 0 locally uniformly, then v(ξ, τ ) → u(ξ + h 0 ) as τ → h 0 locally uniformly.
On the other hand, suppose that h 0 ∈ [−∞, +∞), v(ξ, τ ) is one solution of (2.4) for τ > h 0 and v ξ (0, τ ) < 0, τ > h 0 . Let h(t) be the solution of h ′ (t) = −µv ξ (0, , h(t)) with h(t 0 ) = h 0 , u(x, t) = v(x − h(t), h(t)). Then (u(x, t), h(t)) is one solution of (1.2). Specially, h 0 = −∞ means t 0 = −∞.
Finally, that (u, t) is one almost periodic semi-wave solution of (1.2) is equivalent to that v = v(ξ, τ ) is almost periodic in τ from R to L ∞ local ((−∞, 0])∩C((−∞, 0]). By Lemma 2.5, (ū(t, x; g, h 0 ),h(t; g, h 0 )) can generate one solution v(ξ, τ ; g, h 0 ) of (2.4) for τ > h 0 . Let h 0 → −∞. By choosing one subsequence, we haveṽ(ξ, τ ; g) = lim n→∞ v(ξ, τ ; g, h n 0 ) as h n 0 → −∞ locally uniformly for ξ ≤ 0, τ ∈ R. We will show later thatṽ does not depend on the choice of the subsequence. Lemma 2.6.ṽ(ξ, τ ; g) is one entire solution of (2.4).
Furthermore, leth(t; g) be one solution of the ordinary differential equatioñ h ′ (t; g) = −µ ∂ṽ(ξ,h(t;g);g) ∂ξ | ξ=0 andũ(x, t; g) =ṽ(x −h(t; g),h(t; g); g) for t ∈ R and x ≤h(t; g). In what follows, we will show that (ũ(x, t; g),h(t; g)) is the unique almost periodic semi-wave solution of (1.2) connecting u * g and 0. First of all, Lemma 2.7. (ũ(x, t; g),h(t; g)) is one entire solution of (1.2). Moreover,ū(t n , x; g, h n 0 ) → u(x, t 0 ; g) locally uniformly for x ≤h(t 0 ; g) providedh(t n ; g, h n 0 ) ≡h(t 0 ; g) for any t 0 ∈ R.
Then, by the theory of zero number of parabolic equations, we have Proposition 2.2. Let g ∈ H(a) and (u(x, t), h(t)) be a positive entire solution of (1.2). Suppose that u(x, t) < u * g (x) for any t ∈ R, x ≤ h(t). Then u(x, t 2 ) ≤ u(x, t 1 ; g) for any x ≤ h(t 2 ) provided h(t 2 ) ≤h(t 1 ; g). Specially,ũ(x, t; g) is increasing in t.
Proof. Since (u(x, t), h(t)) is one bounded entire solution, u x (x, t) is uniform bounded (see Proposition 2.1). Hence there is some integer N such that for any n > N , and
Hence, by the theory of the zero numbers of parabolic equations (e.g. see Theorem D in [1] or Lemma 4.1 in [15] ), for any n > N ,
where x 0 depends on n, t 1 , t 2 . Let n → ∞,
where x 0 depends on t 1 , t 2 . Notice that (2.5) holds for any h 0 ∈ R. Take a subsequence of h 0 → −∞,
Lemma 2.8. There are some ǫ, δ > 0 such thatũ(h(t; g) − δ, t; g) ≥ ǫ for t ∈ R and g ∈ H(a). Moreover, |ũ(x +h(t), t; g) − u * g (x + h(t))| → 0 as x +h(t) → −∞ uniformly for t ∈ R and g ∈ H(a). And hence, |ṽ(ξ, τ ; g) − u * g(·+τ ) (ξ)| → 0 as ξ → −∞ uniformly for τ ∈ R and g ∈ H(a).
Proof. First, note thath ′ (t; g) > 0 uniformly for t ∈ R and g ∈ H(a) by Lemma 2.3 and thatũ xx (x, t; g) is uniformly bounded for x ∈ (−∞,h(t; g)], t ∈ R and g ∈ H(a). Hence there are some ǫ, δ > 0 such thatũ(h(t; g) − δ, t; g) ≥ ǫ for t ∈ R and g ∈ H(a). It is also known thatũ(x, t; g) is increasing in t by Proposition 2.2. Hence,ũ(x, t; g) ≥ ǫ for x ≤h(t; g) − δ,t ∈ R and g ∈ H(a). This means that v(ξ, τ ; g) ≥ ǫ for ξ < −δ, τ ∈ R and g ∈ H(a).
Assume, for sake of contradiction, that there are some positive constant C and
Without loss of generality, we can suppose that there is someḡ ∈ H(a) such that u * gn (x+x n +h(t n )) → u * g (x) uniformly for x ∈ R andũ(x + x n +h(t n ), t + t n ; g n ) → ψ(x, t) locally uniformly for x, t ∈ R. ψ is one bounded entire solution of u t = u xx + u(ḡ(x) − u) and ψ(x, t) > ǫ for x, t ∈ R. This means that ψ(x, t) = u * g (x). On the other hand ψ(0, 0) = lim n→∞ũ (x + x n + h(t n ), t + t n ; g n ). This implies that |ψ(0, 0) − u * g (0)| ≥ C, a contradiction. The proof is complete.
Let us go back to the equation (2.4). From Lemma 2.2 and Proposition 2.2, we have
Lemma 2.9. Let v(ξ, τ ) be one entire solution of (2.4) generated by u(x, t) = v(x−h(t), h(t)) where (u, h) is a positive entire solution of (1.2) and u(x, t) ≤ u * g (x).
, where v 1 , v 2 are two entire solutions of (2.4). We have Lemma 2.10. Let v 1 , v 2 be two entire solutions of (2.4).
Proof. Without loss of generaility, we only prove that
(2.6)
From the assumption, we know that
This means that w is one lower solution of the following equation of φ
We also know that v 1 is one solution of (2.8) and w(ξ, 0) ≤ v 1 (ξ, 0), ∀ξ ≤ 0. Therefore, it holds that w(ξ, τ ) ≤ v 1 (ξ, τ ), ∀ξ < 0, τ > 0. In addition, if lim inf ξ→∞
The proof is complete.
Before to prove the Theorem 1.1, we show one simple Lemma:
Lemma 2.11. Let {v n } ∞ n=1 be a sequence of positive continuous functions on an interval I, ρ n := inf x∈I v n (x). If v n (x) → v(x) as n → ∞ locally uniformly for
It is the time for us to prove our main theorem.
Proof of Theorem 1.1. We consider the general g ∈ H(a) and first show that (ũ(x, t; g),h(t; g)) is an almost periodic semi-wave of (1.2). In fact, here we will show thatṽ(ξ, τ ; g n ) → v(ξ, τ ; g) locally uniformly for (ξ, τ ) ∈ (−∞, 0] × R as n → +∞ provided g n → g in H(a).
Choosing one subsequence, we have that v(ξ, τ ; g) = lim n→∞ṽ (ξ, τ ; g n ) locally uniformly for ξ ∈ (−∞, 0], τ ∈ R, and v = v(ξ, τ ; g) is one entire solution of (2.4).
We claim that the convergence here is not only locally uniform but also uniform for ξ ≤ 0 and τ ∈ [−M, M ] where M can be any positive constant. In fact, |ṽ(ξ, τ ; g n ) − u * gn(·+τ ) (ξ)| → 0 as ξ → −∞ uniformly for τ ∈ R and n = 1, 2, · · · by Lemma 2.8. That is for any ǫ > 0, there is some S > 0 such that |ṽ(ξ, τ ; g n ) − u * gn(·+τ ) (ξ)| < ǫ for ξ < −S, τ ∈ R and n = 1, 2, · · · . Moreover, there is some integer N such that for any τ, ξ ∈ R |u * gn(·+τ ) (ξ) − u * g(·+τ ) (ξ)| < ǫ, n > N since {u * g } g∈H(a) is a one-cover of H(a). |ṽ(ξ, τ ; g n ) −ṽ(ξ, τ ; g n ′ )| < 4ǫ for ξ < −S, τ ∈ R and n, n ′ > N . Then |ṽ(ξ, τ ; g n ) − v(ξ, τ ; g)| < 4ǫ for ξ < −S, τ ∈ R and n > N . We also know v(ξ, τ ; g n ) → v(ξ, τ ; g) uniformly for ξ ∈ [−S, 0], τ ∈ [−M, M ]. Therefore, our claim holds. Moreover,ṽ(ξ, τ ; g n ) ≥ ǫ for τ ≤ δ by Lemma 2.8 and hence v(ξ, τ ; g) ≥ ǫ for τ ≤ δ. Repeating the proof of Lemma 2.8, |v(ξ, τ ; g) − u * g(·+τ ) (ξ)| → 0 as ξ → −∞ uniformly for τ ∈ R.
By Lemma 2.3,ṽ ξ (ξ, τ ; g n ) < 0 uniformly for τ ∈ R, n = 1, 2, · · · . It follows that v ξ (0, τ ; g) andṽ ξ (0, τ ; g) are less than 0 uniformly for τ ∈ R. Assume, for the sake of contradiction, that v =ṽ. Then for any τ ∈ R, ξ < 0, v(ξ, τ ; g) <ṽ(ξ, τ ; g) by Proposition 2.2. Applying Proposition 2.2 again, we also know thatũ(t, x; g) is increasing in t. This implies that −ṽ ξ +ṽ τ ≥ 0. Lemma 2.10 yields that ρ(τ, v,ṽ; g) is increasing in τ . It is also holds that ρ(τ, v,ṽ; g) > 0 uniformly for τ ∈ R since both v ξ (0, τ ) < 0 and
By choosing a sequence {τ n } ∞ n=1 , τ n → +∞ as n → ∞, we have g(· − τ n ) →ḡ and two entire solutions v 1 (ξ, τ ;ḡ) and v 2 (ξ, τ ;ḡ) of (2.4) with g replaced byḡ, and v 1 (ξ, τ ;ḡ) = lim n→∞ v(ξ, τ − τ n ; g) = lim n→∞ v(ξ, τ ; g(· − τ n )), v 2 (ξ, τ ;ḡ) = lim n→∞ṽ (ξ, τ − τ n ; g) = lim n→∞ṽ (ξ, τ ; g(· − τ n )). Again, the convergence is uniform for ξ < 0, τ ∈ [−M, M ], M can be any positive constant and
It follows Lemma 2.11 that ρ(τ, v 1 , v 2 ;ḡ) ≡ρ for τ ∈ R. On the other hand, since −ṽ ξ +ṽ τ ≥ 0 for τ ∈ R, we also have −(v 2 ) ξ + (v 2 ) τ ≥ 0 for τ ∈ R. Lemma 2.10 show that ρ(τ, v 1 , v 2 ;ḡ) is strictly increasing in τ , a contradiction. Hence (ũ(x, t; g),h(t; g)) is one almost periodic semi-wave. We also finish the proof of the conclusions (1a) and (1b).
To prove the conclusion (1c), notice thath(t) → +∞ as t → +∞,ũ(x, t; g) is increasing in t and solves the equation u t = u xx + u(g(x) − u) for x <h(t; g). Let φ(x) = lim t→+∞ũ (x, t; g) locally uniformly for x ∈ R. Then u(t, x) ≡ φ(x) also solves u t = u xx + u(g(x) − u). It also holds that φ(x) > 0 uniformly for x ∈ R. It yields that φ = u * g . Since |ũ(y, t; g) − u * g (y)| → 0 as y → −∞ for any fixed t, we have φ(x) = lim t→+∞ũ (x, t; g) uniformly for x ∈ (−∞, M ] for any constant M. Now we prove the conclusion (2) about the uniqueness of the almost periodic semi-wave connecting u * and 0. Assume, for sake of contradiction, that there is another (ũ 1 ,h 1 ) almost periodic semi-wave connecting u * and 0 whereũ 1 is not one time translation ofũ. Thenṽ 1 (ξ, τ ) :=ũ 1 (ξ + (h 1 ) −1 (τ ), (h 1 ) −1 (τ )) is a entire solution of (2.4) and there are some ξ 0 , τ 0 such thatṽ 1 (ξ 0 , τ 0 ) <ṽ(ξ 0 , τ 0 ). To be simple, let τ 0 = 0. Let ρ 0 = ρ(0,ṽ 1 ,ṽ; g). Then ρ 0 < 1. We also haveṽ v 1 (ξ,0) ≥ ρ(τ n ,ṽ 1 ,ṽ; g) > ρ 0 . It is a contradiction. The proof of the uniqueness is complete.
To prove the conclusion (3), we first notice that if (u, h) is one entire solution and there are some ǫ, δ > 0 such that u(x, t) > ǫ for any x ∈ (−∞, h(t) − δ], t ∈ R, then h ′ (t) > 0 uniformly for τ ∈ R. Moreover, similar as in the proof of the almost periodic property ofũ, |u(t, x+h(t))−u * (x+h(t))| → 0 as x+h(t) → −∞ uniformly for t ∈ R. Let v(ξ, τ ) := u(ξ + h −1 (τ ), h −1 (τ )). ρ(τ, v,ṽ; g) is increasing in τ . The following proof is similar as in the above part about the almost periodic property ofṽ.
Finally, we have Corollary 2.1. Let (ũ(x, t; g),h ′ (t; g)) be the sem-iwave solution of (1.2). Then the instantaneous speedh ′ (t; g) is an almost periodic function ofh(t; g) . Mathematically,h ′ (t; g) = f (h(t; g)) :=ũ x (h(t; g), t; g) with f being almost periodic. Moreover, c := lim |s−r|→∞ |s−r| | s r (1/f (τ ))dτ is the average speed.
